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Abstract The cosmic microwave background (CMB) represents a uniquees for
the study of gravitational lensing. It is extended acrossethtire sky, partially polar-
ized, located at the extreme distancezef 1100, and is thought to have the simple,
underlying statistics of a Gaussian random field. Here weevwethe weak lensing
of the CMB, highlighting the aspects which differentiatdridm the weak lensing
of other sources, such as galaxies. We discuss the statisttbe lensing deflection
field which remaps the CMB, and the corresponding effect erptiwer spectra. We
then focus on methods for reconstructing the lensing déflesitdescribing efficient
guadratic maximume-likelihood estimators and delensing éid by reviewing recent
detections and observational prospects.
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1 Introduction
1.1 What is the CMB?

The cosmic microwave background (CMB) is a blackbody réafiatshich permeates
the Universe. It was released approximately 400 years after the Big Bang, when
the primordial plasma had cooled enough that neutral hyafr@agoms could form,
and the Universe became effectively transparent to radialio a very good degree
of approximation, the CMB temperature is uniform acrosssthe with a value today
of 2.725K [ﬂ]. At the level of one part in £) however, the CMB temperature has
small anisotropies which are due to fluctuations of density laulk velocity in the
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primordial plasma. The measurement of these anisotropigearly a difficult task,
but a number of very successful experiments have drivenl gaqpigress in this field
over the past two decades. Modern temperature experimesitss AC'H, SP'IH, and
Planclﬁ are now pushing to robust arcminute-scale measuremernits,pdtarization
experiments like Spidfr QUIET], BICEP2 and Plandkwill soon obtain low-noise
maps of the CMB polarization. Gravitational lensing effeshould become readily
apparent in both types of observation, requiring detailediefiing to interpret the
data correctly, but also offering additional informatidyoat the Universe at interme-
diate redshifts.

1.2 What is special about the CMB in the context of lensing?

In the context of lensing, the CMB can be thought of as a sisglace “plane” with
several unique features:

1. Itis extended across the entire sky.

2. It probes the matter distribution at relatively highetskifts ¢ ~ 2) than can be
studied with e.g. galaxy lensing: the last-scatteringaeffrom which the CMB
was releasedz(~ 1100) is the most distant light source we will ever be able to
see.

3. It is partially linearly polarized, which provides two d@itlonal lensed observ-
ables. The local quadrupole of the radiation field at the $asttering surface
generates linear polarization through the mechanism offBom scattering, at a
level of 10% of the temperature anisotropiﬂs [2]. The olealeyCMB is there-
fore characterized by three numbers as a function of posdiothe sky — the
total radiation intensity, and two Stokes parameters dasgrthe amplitude and
direction of the linear polarization.

4. To a good degree of approximation the source fluctuatiaysba treated as those
of a Gaussian random field. The signal along any particutacton is essentially
random, but the correlations between directions at diffeamgular separations
is encoded in the power spectrum, which completely charaetethe signal. A
typical CMB temperature realization, for example, is f@dtin Fig.|].

1.3 Why study CMB lensing?

To someone interested in the primary CMB, the lensing of tMBG s important as
a contaminant. As we will discuss in Sﬂ:. 4, lensing has aldmaahon-negligible
effect on the CMB power spectra, and must be accounted forodenm parameter
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Fig. 1 Left: lensed CMB realization. Middle: difference map betmdensed and unlensed CMB. Right:
realization ofy for the lensing, and an overlay of its gradient, the deflectingle.

analyses to obtain unbiased constraints. Perhaps moretangly, lensing effects
generate a curl-like mode) polarization pattern on the sky which acts as a ligitin
source of confusion for low-noise polarization experinsgatgeting the signal from
primordial gravitational Wavesﬂ[ﬁ, 4]. This confusion canrleduced with an accurate
cleaning of the lensing-induced signal, which we will dissin Sec|:|5.

Apart from being a nuisance for traditional observables,lémsing of the CMB
can act as an additional source of information. A typicalysia of the CMB assumes
Gaussianity and statistical isotropy, in which case the gyospectrum is the only
quantity of interest. As we shall discuss, lensing can baghoof as introducing into
the CMB small amounts of non-Gaussianity (when margindlaeer realizations of
the lenses) or statistical anisotropy (for a fixed distiifmubf lenses). This effectively
introducesinformation into the CMB, contained in the higher-ordertistecs (for
the non-Gaussian viewpoint) and the off-diagonal elemehifs covariance matrix
(for the anisotropy viewpoint). With only one CMB sky to obge and interpret,
both these viewpoints are useful. The additional infororafrom lensing probes the
state of the Universe at intermediate redshifts-(2). This can be used to break
parameter degeneracies and place improved constraintsaonities that affect the
geometry or density perturbations at late times, such addahHeenergy equation of
state and portion of the energy budget in massive neutrfo®ptimal analysis of
lensing effects with the data from the Planck satellite,doample, will enable us
to measure the sum of neutrino masses @1 eV, while lens reconstruction with a
next-generation polarization mission such as EPIC/CMREBRalconstrain the sum to
0.05eV or better|[4]4]7]. This is an interesting limit, closethe minimum value for
the sum of the masses suggested by terrestrial oscilla@@surements in the normal
hierarchy.



2 Observables

Here we will briefly review the mathematical description d¥1B observables and
establish our notation. Throughout this review we will usecvertilde to repre-
sent lensed quantities For quantitative calculations veerrag that the Universe is
described by a flat, concordand&CDM cosmology with parameters given by the
WMAP 5-year best-fit model.

The CMB radiation pattern on the sky is conveniently exprdsa terms of the
Stokes parametets, Q andU, which are measures of the total intensity bere ex-
pressed as an equivalent blackbody temperature relatiye tbackground, uniform
CMB) and linear polarization andU). Rotation of the measurement coordinates
does not affect, however th&) andU Stokes parameters mix according to

[Q+iU]s =e*¢[Q+iU]o, 1)

whereé is the angle of the rotaticﬂﬂhus,Qi iU is a spint+-2 quantity. A rotation of
45 degrees conver€@ — U, and a 90-degree rotation results in a sign flip. For more
information on this notation, see for exam;ﬂb [8].

The statistics of the CMB are often simplest to study as atfanof scale rather
than angular position. On a patch of the sky which is smallughahat it may be
treated as flat, the Fourier modes provide an appropriate. bashis review, we will
take the convention that

T() = dz—z;[(T(x)e*”'X
; "d*x ; 20 oilx
[E(h+iB(I)] = — E[in]e]F le "X, 2

Here§ is the angle betweehand thex-axis. The placement of theF2¢ factor in
the polarization transform rotates the Fourier transfoahthe Stokes parameters
to a basis adapted to the Fourier wavevector, resultirig andB fields which are
spin-0. This make& andB independent of any measurement conventions, and so
they are the natural basis to perform calculations in. Efi@mode decomposition
is also useful for studying the origin of fluctuations in thelg Universe:B-modes
are not generated by scalar perturbations, and so the idete€nhon-zero primordial
%mode power could in principle be a “smoking gun” for primadensor modesﬂg,

].

The primary, unlensed CMB fluctuations are thought to be agiroximated as
a statistically-isotropic Gaussian random field with zeream This means that in
the Fourier domain, each mode is drawn from a (complex) Gaswith variance
which depends only on the length of the wavevector, and natsodirection. The
length-dependent part is known as the power spec@unn the Fourier basis, for
example we have

(X(HZH (1) = 8(1-1"C?, ©)

7 This is for Stokes parameters defined on a right-hanelebasis withz along the propagation direc-
tion, and for a left-handed rotation abaut
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whereX, Z can beT, E or B, andl = |l|. If parity is respected in the mea@,,TB and
CEB must vanish, but note that there is a non-zero cross-ctioelaetween the tem-
perature and thE-mode polarization. Because the modes are drawn from a Gauss
distribution, they are completely characterized by thew-point statistics. Higher
order odd-point functions are zero, and the even-pointtfans can be computed
from the power spectra using Wick’s theorem.

We now proceed to describe the large-scale structuresmsige for the lensing
of the CMB.

3 Lensing potential
3.1 Lensing deflection

The effect of lensing on the CMB can be described in the flgtigkit as a remapping
of the primary (unlensed) CMB given by

T(x) = T(x+a(x)) (4)
[Q+i0] (x) = [Q+iU] (x+a(x)) )

wherea (x) is a field of deflection vectors.

The observed deflection vector is given by a sum of all the didles by lenses
between ourselves and the last scattering surface; mativaihethis is given by an
integral over the standard weak lensing equation alongltloéop path. In a flat uni-
verse, and under the Born approximation (taking the integjomg the unperturbed
path) we have

o Ke X — X .
a(x)=-2 A dx X O, ¥ (xx;no—X), (6)

*

whereW is the Weyl potentialy.. is the conformal distance to last scattering, ggd
is the conformal time today. Here, the gradient is takensirarse to the propagation
direction. In Einstein gravity with vanishing anisotrogitesses, the Weyl potential
is simply the Newtonian potential. More generally, in anytrieeheory of gravity &

is given in terms of the Newtonian-gauge potenti@gandyy by W = (ay + Un)/2:

it is the scalar field which determines the Weyl tensor (raal part of the Riemann
tensor) in the presence of scalar perturbations. For fudegails and the simple
generalization to a non-flat Universe s@ [11].

3.2 Order of magnitude

It is useful to get a feel for the order of magnitude of the ieg®ffect on the CMB,
and why it is important. We can think of the large scale stritetof the Universe
as a collection of potential wells, crudely approximatedhase due to point-source
masses. Each gives an observed deflection angle of

aP*(x) :4(X*X—‘X) WPS(xx) @)

*
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Fig. 2 Left: angular power spectrum of the lensing deflection anglenear theory (solid), and with the
HALOFIT non-linear corrections given by Ed. [14) (dashed). Righinalative contributions to the power
spectrum as a function of maximum redshift.

wherey is the conformal distance to the point source & xx) is the potential at
closest approach. Thus nearby lenses have the largesbeniotn from the geometric
factor(x. — x)/ X+, though the linear potentials are actually somewhat smatliew
redshift due to the suppression of perturbation growth leydark energy. During
matter domination the geometric factor is givenlay- x /x.) ~ [1/(1+2)]*/2, which
depends somewhat weakly on redshift, so we will ignore itlierrest of this order-
of-magnitude calculation.

The potentials are nearly scale-invariant on large schlgisbecome small on
scales below the turnover in the matter power spectrum. ¥etbre need to consider
lensing by perturbations from the largest observable seaie~ 14000 Mpc down to
~ 300Mpc. The number of lenses along the line of sight also w@pen scale: there
is only one of the largest lenses, butl4000/300~ 50 of the smallest ones, so the
smaller lenses contribute most to the lensing deflectioe. Sike of each deflection
is set by the Newtonian potentials, which have variarc€.7 x 107°)? per unit
log range in scale, so typical deflections hawé ~ 10~4. Taking each lens to be
independent, the total r.m.s. deflection should therefere-l50/2 x 104 ~ 7 x
104, or about 2 arcmin.

The coherence scale of the deflection field is given by the langxtent of a
typical 300 Mpc structure. At a distange= 7000 Mpc (halfway to the last-scattering
surface) this i300/7000) ~ 2°.

These order of magnitude estimates are borne out by moreadeaalculations.
The RMS deflection angle for the WMAP 5-year cosmology.&&cmin. The scale
dependence (i.e. angular power spectrum) and cumulatdshifé dependence of
the deflection power are shown in Fﬂ. 2. Nearby objects tencbhtribute to the
lensing potential on larger angular scales. The deflectawep peaks in the region
20< 1 <100, corresponding to a coherence length of a few degrees.



3.3 Lensing potential

Rather than using the deflection field directly, weak lensituglies are often cast in
terms of the magnification matri%; defined by

- 0 l- K-y —-pt+tw

A!j:dj+a_elaj—(_y2_w 1—K+V1)7 (8)
where the quantitieg, y1 + iy, andw are known as the convergence, (complex)
shear, and field rotation respectively. In galaxy lensirgriagnification matrix is
useful because in many cases this can be approximated ap dmistant over the
angular extent of the source. Shear then produces an addigbiptical distortion of
the projected shapes of galaxies, while convergence ckahge apparent size and
density on the sky. For galaxy lensing the shear is the mailgbservable since
observing the convergence would require knowledge of thensed distribution of
galaxies. In CMB lensing, the degree-scale acoustic featare large compared to
the coherence size of the magnification matrix, so the laganot be assumed con-
stant over typical CMB features. Moreover, the statisticthe source plane are well
known (the CMB is nearly a Gaussian random field), and so theargence is just
as useful as shear. For these reasons CMB lensing studiadyusark directly with
the lensing deflection field as a function of position on thg skther than using the
magnification matrix.

From Eq. ﬂi) we know that the deflection field is a sum of pr@dagradient
terms. Approximating the light path by the unperturbed lirisight, the deflection
field can be expressed as an angular gradient. In detaitinglthe projected and
angular gradients at distangevia 0 | W = (OW)/ x, we can define a lensing potential
Y(x) so that

a(x) = 0y(x), )
where the derivative is now with respect to position on the $ke lensing potential
can be calculated as the line-of-sight integral

o X+ Xi— X .
Y(x) = —2/ dx < ) P(Xx;no— X)- (10)
0 XX

To what extent is the deflection angle approximated by @.\(&ﬁn? The major
assumption was the Born approximation, which takes thgiatef Eq. ) along
the unperturbed path. This will be a good approximationéf dieflection angles are
sufficiently small, or if all of the lensing occurs in a singjién plane. The dependence
of the lensing potential on this assumption can be investgquantitatively under
the second-order Born approximation — taking the grawiteti potential along the
perturbed path given by the first-order result. The effecthengradient component
of a(x) is computed inES], and is expected to be negligible fyrfature exper-
iment. A potentially more important aspect of the secordkoBorn approximation
is that it introduces a non-zero curl component into the dédia field, however this
is not expected to be significant for experimental noiselgeaehievable in planned
future surveys (i.e. greater than 0.gK-arcmin) ]. The validity of the Born ap-
proximation can also potentially be investigated by ragitng through numerical
simulations ], although this has not yet been done.




3.4 Lensing potential power spectrum

The lensing potential depends on the geometry of the urdvaand the gravitational
potential along the line of sight, and hence, like galaxgieg, is a probe of cosmol-
ogy. Assuming linear evolution from the primordial dengitictuations, we can take
Y in Fourier space to be given by

Pk,n)=Ty(kn)ZK), (11)

whereTy(k; ) is the transfer function, an@ (k) are the primordial curvature fluc-
tuations, with 3D power spectru?, (k). Under this assumption, expandiggx)
in harmonic space and taking the angular power spectruns

dk X . —x\1?
e = 6m [ Foratio | [ axmutcnn—xiion (X)) a2
0 XX
where j; (kx) is a spherical Bessel function. Tlieflectionpower spectruml(l +
1)cY, for a typical model is plotted in Fid] 2. Itis customary togl (1 + 1)]2C*¥ / (2m)

because _
/dlnl % ~ (a)?, (13)

the variance of the deflections.

The assumption of linear theory and Gaussian primordiatifhtons implies
thatW is Gaussian as well. However, on small scales it is cleattliggpotentials are
subject to a large degree of non-linear evolution. Foreigathe size threshold for
non-linearity is small enough that there are many such &t clumps on the way
to the last-scattering surface. This Gaussianizes thegion of ¥ to some extent,
but the non-linearity does still appear as an enhanced psmm:trumclw"“, on small
scales; see Fid] 2. Non-linearity may therefore be appratéiy accounted for by
scaling the linear transfer functions according to

g&on—linear(k. r,)
Pw(kn)

The non-linear power spectrum can be calculated from apalyfitting formulae
such as those ofiALOFIT [E]; this approach is implemented in tleaMB code
[@]. The ultimate test of the Gaussian approximation isrtippgate CMB photons
through large numeric-body simulations. Several groups have developed methods
for creating the concentric-shell mass maps necessaryrtorpethe radial integral

of Eq. (@) numerically[[14,34,19], and all find that theLoFIT approach works well

at the percent level fdr< 2000.

4 Lensing effectson CMB observables

In Fig. ﬂ we show the difference between the lensed and uedesky for a real-
ization of the CMB temperature. In this picture, the effettemsing is to create a



non-Gaussian “boiling soup” pattern in the observed CMBgkascale lenses create
coherent displacements across large patches of the skghwappear as a modulation
of the gradient of the unlensed CMB in the difference map.

To study the properties of the lensed CMB analytically, ibfeen useful to use
a Taylor expansion of the lensing displacements. With theBGi®mperature, for
example, we have

T(x) = T(x+a(x))
= T(X)+a0aT(X) + %aaabDanT(x) S (15)

The first line is not strictly correct outside the flat-sky eppmation due to the cur-
vature of the sky, however the Taylor expansion of the sedioeds, provided that
the gradients are treated as covariant derivatives. Thadsts true for polarization
provided that the polarization tensor is used in placé {@].

The expansion in Eq5) is frequently useful to gain imbuitinto lensing ef-
fects. Consider, for example, the first-order expansioktevrin harmonic space:

RS
21

Here we can see that a modeysfL ) with wavevectolL couples the unlensed CMB
at wavevectot — L into the observed CMB at wavevectbrfor fixed lenses, this
mode-coupling introduces off-diagonal components ineodbvariance matrix of the
observed CMB, with a characteristic spacingddf= 50 given by the peak of the
deflection angle power spectrum. Specifically,

[@®aT](1) = [CPYaT]() = L (-L)pL)T(-L). (1)

()T (ous = -l +1)- WCTT+1CT] (h#1), @)

where the average is over an ensemble of CMB fluctuationsed fienses. This
is an interesting feature; large-wavelength modes of thsig potential introduce
correlations between CMB modes on much smaller scales.drfjSee will see how
a reconstruction of the lensing potential can be made byelaing a large number
of small-scale modes.

We note that the convergence of the lensing Taylor expafissnmewhat suspect
— the typical RMS deflection angle of 3 arcmin is comparable to the 10 arcmin
scale length of modes &t= 1000, and so the expansion converges slowly at the
map level. Nevertheless, when calculating ensemble-gedrquantities the lensing
Taylor expansion is often quite accurate. In this case, rfelative displacements
rather than the actual lensing effects which are importamd, the Taylor expansion
captures these reasonably W@[Zl]. However the exparisinot accurate enough
for a percent-level calculation of the lensed power spettru

4.1 Power spectra

The CMB power spectra completely characterize the primaigtdbations for Gaus-
sian, statistically-isotropic models. Even though thes&shsky is slightly non-Gaussian,
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the lensed power spectra are still useful for comparisoh wlitservations. Here we
discuss the calculation of the lensed power spectra usegailor-series expansion
described above. A more accurate non-perturbative resyltra derived using corre-
lation functions [2P, 44,341, however the Taylor approaskeg more intuitive results
and is less mathematically involved.

We will begin with temperature. For the purposes of compatition, it is useful
to write the lensing Taylor expansion schematically as

T =T +0TN)+°T()+---, (18)

where the power of delta indicates the order in the lensinigrgi@l. The power spec-
trum to lowest order mq then follows from

CIT (-1~ CTTa(1 = 1)+ (BT()ST* (1) + (T(NS2T* (1) + (8T (N T*(1))..
(19)
In the flat-sky approximation, the gradient operations asilg taken in Fourier
spacedT (1) is given by Eq. [(16) while[[35]

2 2
52T = 2/d ll %ll (|1+|2—|)|1 |2T(|1)1,U(|2)1,U*(|1+|2—|), (20)

from which the power spectrum may be derived. Assuming tb#t B(l) and (1)
have the statistics of an isotropic, Gaussian random fieltinge

(THS2T*(I")) + (82T ()T*(1")) = —12RYCTT5(1 - 1) (21)
- A2
(ST(HET* (1) = &(1 -1 / % L-(-LPcl el (22)

whereRY is half of the total mean-squared deflection,
RV==C <| W3 = $|4C,W ~3x10°7. (23)

Assembling these results together, we find the lensed teatyrermpower spectrum to
first-order inC*

qff (1—12RY) C]TT+/

The second term, which represents a convolution of the setétremperature power
spectrum with the lensing potential power spectrum, alroastels th&¥ term over
the acoustic part of the spectrum, leaving only a small bigrof the acoustic peaks
with a characteristic kernel width @ ~ 50. This is illustrated in Fig[]3, where we
plot the lensed and unlensed spectra.

The unlensed CMB has very little power on small scales,3000, due to dif-
fusion damping. Deep enough into the damping tail, any negligible contribution
to Eq. ) from the unlensed temperature power spectruhbwilrom modes with
I’ < 1, and so the lensed spectrum may simplified af[25, 26]

d I TT CIUJW/dll 4ClTT IzquRT, (25)

dI’,

(=nFethar. (24)

ff
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Fig. 3 Top: the lensed (solid) and unlensed (dotted) temperatwsepspectrum, as well as the small-scale
approximation of Eq.|(35) (dashed). Bottom: the fractioctzinge in the power spectrum due to lensing.

whereRT is defined analogously & in Eq. ), and is half the mean-squared
gradient of the unlensed CMB. This causes an increase iretieetl CMB power
of ~ 10% atl > 2000, as we can see in Fig. 3. Qualitatively, there are tbezef
two lensing effects on the temperature power spectrumelaogle lenses smooth the
peaks of the observed power spectrum, while small-scaseteintroduce small-scale
power in the damping tail by lensing of the large-scale terafpee gradient.

We now turn to the lensed polarization power spectra. Foplsity, we will
assume thaB(l) = 0, i.e. that there are no primordiBfmodes. In the flat-sky limit,
lensing remaps the Stokes parameters defined on a fixed bh#sessame way as for
the temperature. The calculation is therefore similar éotimperature case, with the
lensed spectra to lowest ordelfq“f v given by ]

- 2

ClE = (1-PRYCTE++ | (g ')2 [V-(=1)]*C ChEcos2(& - &)] (26)
. 217

CEE — (1_|2Rw)CIEE+/ gl "(1=11] CH/\ Eco[2(& — &) (27)
o 21/

OfF — [ g - (-1 Gl CFEsivla(d - &) 28)

whereRY was defined in Eq.3). Lensing of purediymodes therefore generates
B-mode polarization, even when there is none initially.

The lensing of th&-mode power spectrum, and tihé& spectrum, is qualitatively
similar to that of temperature. There is a convolution whitlrs the features of the
spectrum and shifts power into the damping tail. Quantigdyi the magnitude of the
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Fig. 4 The unlensed=-mode power spectruril +1)C|EE/27T (top; dashed), lensing deflection power
spectrum{l (I + 1)]2(2,“”“” (dot-dashed), and the contribution to the large-scaleelkBsmode power spec-
trum from each lo¢ given by half their product (thin solid). The dotted line lietlarge-scale white spec-

trum (I + 1)C|é§/2rr given by Eq. ), which can be compared to the full numernieault (thick solid).
The lensedB-mode power spectrum has a close-to-white spectrumal 000.

lensing effects is larger for the-modes than for temperature, because the peaks in
the unlensed power spectrum are rather sharper, leadiagger|fractional changes
in the lensed power of/(30%) near the acoustic peais[£3]p4,25].

Lensing of the CMB polarization causes power to leak fiento B-modes, and
this may be an important contaminant in the search for priiabB-modes on large
angular scales. Since the unlendednode spectrum peaks arouhd- 1000 (see
Fig.[d), forl < 1000 we can tak#’| > |I| in Eq. (28) giving

B8 A wwEE
cP*~ [ G sirP g &)
_ %T 'Ol'—l/v“cl‘,ﬂ‘”vzc,E,E. (29)

This is independent df, corresponding to a white-noise spectrumBsfmodes. In
Fig. [} we can see that the lensBemodes are nearly white fdr< 100, with the
level predicted by Eq[(29). For the fiducial model we h&R® ~ 2 x 10-°uK?,

corresponding to an instrumental white-noise level-d uK-arcmin. The next gen-
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eration of polarization surveys should achieve noise fegkise to this and lensing
will therefore become an important source of confusion fien.

To assess the amount of additional cosmological informatiche lensed spectra
over the unlensed, consider attempting to constrain dﬂamtofclw"“ from some
fiducial spectrum:

P = (1+ 1) (30)

An eigenmode analysis of the Fisher matrix for this problem be used to identify
modes off; which are constrained well by data. For a cosmic-variamidd exper-
iment tolmax = 2000, there are essentially two such mo@ [27]. FronTthend

EE power spectra, there is a mode which peaks-atLl00 and tracks the dominant
lensing power. These are the modes:ﬁf” which smooth the observed power spec-
tra. IncludingB-mode polarization, there is a second mode which is muchdema
reflecting the fact that the large sc&8enode power is sourced by lenses on all scales.
This mode peaks at= 200, but has a broad tail extending plast 1000.

Increasing thénax of the temperature measurement beybrd2000, the small-
scale modes of the lensing potential would ideally also mstained by the increase
in the small-scale lensed power which they cause. Howendhis regime extra-
Galactic foregrounds and secondary effects will providewrse of confusion which
is, as yet, not well understood.

The amplitude of the WeII-constrainéﬁ”’“ modes is somewhat dependent on cos-
mology, and so they may be used to place improved const@insrameters. Some
care is required with thB-mode power spectrum due to the highly non-Gaussian na-
ture of the lens-induceB-modes leading to correlations between estimat&Pbfat
different scales[[31,2B.P9]. On the whole, the power speatte a rather sub-optimal
statistic for extracting information from CMB lensing, hever. Improved constraints
can be made with estimators which are designed specificatlgtect the lensing sig-
nal; these are discussed in Sgc. 5.

4.2 Bispectra

The bispectrum, or three-point correlation function iseginby
(T(10)T(2)T(18)) = Bly,l2,13)8(11 +12+13).. (31)

It is the simplest, lowest-order statistic which can be usei@st for a skewed non-
Gaussianity of the CMB fluctuations and so it has receivedmatiention (see@O]
for a review). Considering the effects to second order inlémsing potential, the
lensed bispectrum is given in terms of the unlensed bispectry

B(l1,12,13)8(l1 + 2+ 13) = B(l1,l2,13)8(I1 + 12+ 13) + (<T(|1)T(|2)[D¢" OT](13))
+ (T(11)[Bg - OT](12)[Oy - OT](l3))
+ %(T(Il)T(Iz)[DawwaDaT OpT](13)) +2 perm§ .(32)
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One effect of the lensing terms is to generate a smoothinggdfifes in the primordial
bispectrum analogous to the effect in the power spee@l,‘l’his effect is not
significant enough to affect the analysis of CMB data in therfiigture however@l].

A more important effect is due to the correlation of the CMBdimg potential
with the large-scale temperature anisotropies. The CMiatiadth we observe is red-
shifted or blueshifted by the evolution of potentials aldhg line of sight, a phe-
nomenon often referred to as the (late-time) integratetissdlfe (ISW) effect|E2,
@]. The ISW contribution to the CMB anisotropies from lingatentials is signifi-
cant at low multipoles{ < 100) due to the global effects of dark energy, but dies off
rapidly on smaller scales. Since the evolving potentigds ¢fenerate the ISW effect
also cause lensing, there is some cross-correl@idhbetweenT and, which is
calculated in e.g.|E5]. The correlation can be neglecteccédculating the lensed
power spectra, however a non-z@B‘p generates a bispectrum, by the second term
in Eq. (32), even if the primordial fluctuations are Gaus#efh4]. At leading order
in Y this is given by

1

T)TU)T(3)) ~ o

8(l1+12+13)(G Yl Tl1 12+ 5 perms). (33)
The value of this induced non-Gaussianity is greatest fquégzed” triangles in
which 1 ~ Iz > I3 (or permutations thereof), corresponding to a large-geaiper-
ature mode which is sourced by the ISW effect and two smallesmodes which are
affected by lensing. This closely mimics the local form ohr@aussianity which is
predicted in a range of possible early-Universe scenafios(review, see|E5]). For
upcoming experiments such as Planck, this lensing-indbisgectrum will provide
a large source of contamination for the measurement of pdralnon-Gaussianity,
?d will need to be accurately accounted for to extract tiraqndial bispectrum@l,
34].

Note that because the lensing effects are linear in the wbdeZMB, lensing
cannot generate a non-zero bispectrum in the absence offiterrelation, and the
lowest order at which the lensing induces non-Gaussiasitiye four-point correla-
tion function or trispectrum. This has been studied thohtyigy several authorﬂB?,

B41.

5 Lensreconstruction

In the previous section we discussed how lensing affect€MB power spectra and
temperature bispectrum. We turn now to the issue of extrgatiore information
about the lensing itself, in particular how to construct @tiroal estimator for the
lensing deflection field from the observed CMB. This recangton can then be
connected to cosmological parameters with a likelihoodyaiga

If we assume that the lensing potential is fixed then thessiedi of the lensed
CMB remain Gaussian, however the inhomogeneities whichlghses introduce
make it statistically anisotropic. In Fourier space, thenifests itself as correlations
between modes with# I, as we have already discussed. In real space, the manifesta-
tion is somewhat more intuitive: for an isotropic model, toerelation between two
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points depends only on the distance between them, and & effthe lens remap-
ping is to make the observed, lensed distance between twdspglightly larger or
smaller than the primary, unlensed distance on which theeladion is defined. This
feature may be exploited to produce estimators for the hgngotential. Consider,
for example, the lensing expansion in E@(lS), which shdwas at first order iny
the effect of lensing is to introduce a dependence into tisestied CMB on the gra-
dient of the unlensed CMB. This suggests that a quadratioatsir for the deflection
angle of the form

a(x) 0T x)OT(x) (34)

can be used to extract a measure of the lensing signal, iepisopormalized. Taking

the expectation value over realizations of the CMB, thigwestor would recover the
deflection field in the mean (at least to first order in the leggxpansion). The re-
construction is clearly quite noisy, however, as for anyipalar realization there will

be some spuriouBIT correlation in the unlensed CMB. Additionally, it is not ate

how we would obtain the unlensed CMBXx) with which to perform the correlation.
It is critical that the gradient of the unlensed CMB be use&in ) — if instead

the gradient of the lensed CMB is used, the expectation \alae CMB realizations

vanishes to first order igy.

Here we will derive a more rigorous lensing estimator, by mmezing the like-
lihood of a(x) given the observed data, loosely following the approacl@}. [We
will take the measurement to consist of noisy mapg pf) andU measurements
(or some subset thereof). We combine the observables atpedatx into a vector
O(x) = B(x) +n(x), wheren is the instrumental noise realization, which is also as-
sumed to be Gaussian. The log-likelihag@dof the observed CMB is then given by

~ ~ ~5a\ 1 A ~ 5O
—2(B|a) = %@T (099) O+ % Inde(C©9), (35)

whereC99(x,y) = C°°(x,y) + N(x,y) is the covariance of the observation (in-
cluding the effects of lensing) and we have left the integoaler positions implicit.
We will construct an estimator for the deflection field by nmaizing the likelihood
with respect to the deflection fielwl(x). Taking the functional derivative of the like-
lihood with respect to the vector componeatave find

,6C9°9
oa;(x)

3L _ }@T(C@O)fl oC (099)71@ _ }Tr [(CO@)

. (36
oai(x) 2 oa;i(x) 2 ] (36)
The trace term results in a “mean field” over realizationshef ainlensed CMB and
noise. To see this, consider the identity A) = (x" AC~*x), whereA is any matrix
andx is a vector of Gaussian random variables with covariatic&laking this sub-

stitution with C = ¢©° and maximizing the likelihood by settin) ¥ /dai(x) =0
gives the simple equation

0.7
oq; (X)

= A (x) — (A(x)) =0, (37)
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where the componen#{(x) are given by

. T 5@@@)

HX) = {(éée)ilé] oa;(x)

NI =

[(ééé)*lé} : (38)

The values 06C®° /5a;(x) are calculated analytically from th@(a) covariance in
e.g. ] (albeit with a slightly different notationadrvention than the one used
here). Equatio?) may be solved iteratively using the tdawRaphson method by
updatinga (x) according to

861() = — [ dy i (x4 — (H)](9) (39)

where sub-scripted quantities are evaluated at the cuesgimate ofo (x), and the
normalizations; (x,y) is given by

2y 1! 5 !

09 = | 5amsa| | ang - A®] @
which in practice can be approximated by the Fisher mater (glow). It is appar-
ent that the quadratic tero#’(x) produces a measure of the deflection army(e).
Note that in the absence of lensing, with homogeneous skgrage we must have
(A4(x)) = 0, as the expectation value would otherwise pick out a prededirection
on the sky [3p].

In fact, 74(x) is quite closely related to the heuristic estimator of @)(3’0
show this, we begin by finding the derivative of the lensed CM respect to the
deflection angle. This is straightforward sinééx) = © (x+ a(x)), so

5
oai(y)

i.e. if the deflection angle is changed at a point, the lensdd finly changes at the
same point and by an amount that depends on the gradient afntkased fields
U@ at the source position. To proceed further, it is useful tinéethe linear lens-
ing operatorA(x,y) such that the lensed CMB is given I)(x) = ©(x+ a(x)) =
[d?yA(x,y)O(y), or explicitly

@

(X) = d(x—y)(Li®)(x+ a(x)), (41)

AX,y)=0(X+a(x)—y). (42)

With this notation the derivative of the lensed covariaG@® = AC®® AT (where
AT(x,y) = A(y,x)) is given by

5
a1 (X)

% (y.2) = 8(x~y) [ Y dZ Aly.y)0, CO° 2) A2 2) +(y = 2)

(43)
Equation ) then simplifies to a real-space operation tarditl fields9]:

(%) = FL(x)(0iF2) (x+a(x)), (44)
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where the filtered fields are defined by
Fi) = [(C9)M0](x),  Fax)=[CO°AT(C®)16)(x).  (45)

The filtered fieldF, = A 1C9°(C°°) 16 is the Wiener reconstruction of the un-
lensed CMB, i.e. the optimal estimate of the unlensed CMBmihe observed noisy
data, the estimate @f and the unlensed CMB covariance matrix. The gradient term
(OF2)(x+ a(x)) is then just the best estimate of the unlensed gradient eealat
the unlensed position, and this is contracted with the se«ovariance-weighted
lensed CMB ak to form J#(x). The weighting inF; is typical of any optimal esti-
mator of CMB observables and serves to down-weight the agtiin areas of high
instrumental noise or cosmic variance. To understand wai/lfp term is evaluated

at the displaced position, let the true deflection field diffem the current estimate
a(x) by da(x). To linear order inda(x), the lensed CMB at is

O(x) = O(x+ a(x)) + da'(x)(Ti@) (x+ a(x)). (46)

It is therefore necessary to multiply by the gradient of thiensed CMB ak + a(X)
to obtain an estimator which is proportional to the destledngein deflection field
when averaged over realizations of the unlensed CMB.

We now consider the error on the reconstruction. The Fislarixy

o 5.7 1 5.10C%° 56, 1 8C%°
7509 =~ gatsa) = 2" [(C ) 50 CT) ey
(47)
provides a lower bound on the variance of an unbiased estiofat by the Cramer-
Rao inequality. The expectation value in Em (47) is takeeraealizations of the
CMB and noise for fixed lenses. This may be evaluated analitiat a = O if we
have isotropic sky coverage, in which case we find

0
7 (xy) =
[ a2y T [(€99) X 0 C° xy') (E99) 1y y) 0, €20y, )

+(C99) Hy. 0D CoOx,y) (CO0)HY XD COP (X y) | . (48)

This is diagonal in Fourier space in its spatial argumemisekample, for the tem-
perature alone we have

d2L
Fy () :/ 22 i)
1 [(L e, +1GT) (L e, +1GT)
whereNi 2/ CTT+N) (C“f,_‘+Nqu\) 9

Here, N, is the noise power spectrum of the temperature map. To mak@ao
with previous work [14,40] that reconstructed the lensimgenptial ¢ rather than
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the deflection field, we note that the Fisher mat%%,o) is related to that foor by
9&,0) (x,y) =0y Dxie%(jo) (x,y). Equation [4P) then gives

: : : L-(L-DCIT L-1CTT)?
7y = | o ‘My)[l/ et )

(2m)? 2) (2m? (C|TT+N|)(C‘U|_‘ +Nj—|)

which agrees with the power spectrum of the reconstructmsenderived for the
optimal quadratic estimator @f in [@] in the limit of no lensing. Note that in recon-
structinga rather thanp we allow for the possibility of a curl mode ia. This can
act as a monitor for systematic effects, as it is expectedetadoo cosmologically.
However constraints using the iterated estimator can beaweg by using a prior
that it is zero [1}].

We will refer to the Fisher noise level at= 0 as the “Fisher limit”; it is plotted
for two instrumental noise levels in Fif]. 5. In practice, teeonstruction noise can
be larger than the Fisher limit due to the confusion creayeithé lenses themselves,
which act as a source of noise in the observed CMB and makettisen likelihood
slightly non-GaussiarmA]. For temperature & hode polarization reconstruction
these effects are generally negligible, as the lensingessmts a small perturbation
to the primary signal. For a reconstruction includBgnode polarization measure-
ments, however, the difference is very important at low edévels as the lensing
contributions constitute a significant fraction of the atvselB-mode power. The true
reconstruction noise can be determined from simulati@]s [t [@] it is shown that
a good approximation to the true error may be obtained byitigéhe contribution
of poorly constrained modes g@f to be Gaussian. This is done by replacing the un-
lensed power spectra in the denominator of E| (50) with preetsa of the partially
de-lensed CMB. The amount of de-lensing which is possibla tsirn determined
by the lens reconstruction noise (and so the reconstruntiae calculation must be
iterated until convergence). We follow this approach tcgkite the noise curves in
Fig.[s.

CI)§n small scales CMB lensing can also be used to study indiViclusters; here
the unlensed CMB is nearly a pure gradient, and the clugiaasis a small “wiggle”
in this gradient due to the deflection by the cluster. Howélrersignal-to-noise on
single clusters is generally low, and for temperature lgntere are several sources
of confusion (see, for example, RefEl[@,44]).

6 Experimental statusand prospects

The experimental evidence for CMB lensing has developedtlyren the past sev-
eral years. At the power spectrum level, lensing causg)%) effects at > 1000
which are now becoming testable with small-scale experiméihe ACBAR team
have fit for the amplitude of lensing effects in their paragnanalysis of ACBAR and
WMAP data and find a peak within one-sigma of the expectedev@ithough the
lensing amplitude is still consistent with zero at the patdevel) ]. An optimal
analysis of lensing effects should produce a more signifidatection, but requires
stringent control of instrumental systematic effects am@drounds. Thus far, such
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Fig. 5 Power spectrum of the errors in the gradient part of the retcocted deflection field for two
full-sky experiments. Left: an approximation to the Plasekellite, witha(T) = 27uK-arcmin. Right: a
version of the proposed CMBPol mission, wittiT ) = 1 uK-arcmin. For both experiments, we assume a
Gaussian beam of FWHM 7 arcmin a@dandU noise levels equal t¢20(T). The curves are the theory
deflection power (solid black), reconstruction errors fiemperature alone (red dot-dashed), polarization
alone (green dashed), temperature and polarization tegédhack dashed), and the Fisher limit (black
dotted). For Planck, the Fisher limit is saturated.

an analysis has only been performed for the temperaturefitia WMAP satellite.
The WMAP data only extends tg,ax ~ 500, and so does not contain enough small-
scale data to reconstruct the lensing potential with gogdadito-noise. By cross-
correlating a lens reconstruction from the WMAP data witlowdr-noise tracer of
the large-scale structure (LSS), however, it is possiblabtain an overall detection.
This was first attempted bﬂ|46], who found no detection oleg effects in cross-
correlation with the luminous red galaxies (LRGs) of thea®l®igital Sky Survey
(SDSS). Their result was improved upon @[47], who usedaadurces from the
NRAO VLA Sky Survey (NVSS), which has a better redshift oaprlvith the struc-
tures which lens the CMB. They found a8 detection of lensing. Finallyml8] have
improved their original analysis by incorporating cortiEla with NVSS sources as
well as quasars from the SDSS survey. They use a more cotigerwat of the NVSS
sources and a slightly sub-optimal estimator compar@p pbtaining evidence for
the expected lensing-LSS correlation db@. All three of these cross-correlation re-
sults have incorporated very thorough tests for both insémtal and astrophysical
systematics, most of which have negligible effects on thieecui overall error budget.

At present, therefore, there is experimental evidence atestosignificance for
the effect of gravitational lensing in the CMB. High-residm experiments which
are currently taking data, such as Planck, ACT, and SPT,qrected to improve
this situation dramatically, with reconstruction signa@noise approaching unity for
many modes of th field. This will enable CMB lensing to become a useful tool
for precision cosmology. With lens reconstruction from Eianck data, for example,
constraints on the energy density of massive neutrinosxaecéed to improve by a
factor of two over an analysis which neglects a lensing retrantion [5[[40]. CMB
lensing measurements will also enable definitive testirngvéen some theoretical
models of the anomalous CMB “cold spoE[SO]. Upcoming laggale polarization
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experiments, such as BICEP2, QUIET, and PolarBeaR, areeajsected to detect
lensing in polarization through tH&modes which it induces.

As CMB lensing moves from a purely theoretical study to aneotstional one,

there are a number of challenges to be overcome. The effieftiegrounds, such as
the Sunyaev-Zel'dovich effect and residual extra-Gatgmint-sources, will become
increasingly important as high signal-to-noise deteiohlensing are attempted.
The construction of a realistic lensing likelihood for therpose of parameter con-
straints has also yet to be demonstrated. In the more disianre, CMB lensing
should provide the dominant source of confusion for prindrB-mode measure-
ments targeting the signal from recombination arolrd100 (for sufficiently low
tensor amplitude). Lens reconstruction with polarizato delensing will become
important tools to mitigate this confusion, and prelimineaswork on these techniques
and their sensitivity to foregrounds and instrumental@ysttics is currently under
active developmenf[#2].
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